We present the first amplitude analysis of the CERN data on π − p → π − π + n on polarized target at 17.2 GeV/c for dipion masses 580-1080 MeV at low momentum transfers using the spin mixing mechanism. The analysis of the S-and P -wave subsystem determines a unique solution for the spin mixing transversity amplitudes S τ , L τ , the corresponding S-matrix amplitudes S u . We determine spin mixing and S-matrix helicity amplitudes from which we calculate ππ phase-shifts δ 0 S and δ P below KK threshold. For spin mixing amplitudes the two Solutions for δ 0 S pass through 90
u . We determine spin mixing and S-matrix helicity amplitudes from which we calculate ππ phase-shifts δ 0 S and δ P below KK threshold. For spin mixing amplitudes the two Solutions for δ 0 S pass through 90
• near ρ 0 (770) mass. There is no evidence for ρ 0 (770) − f 0 (980) mixing in the two Solutions for δ 0 S for the S-matrix amplitudes. The near equality of these Solutions suggests that a unique Solution for δ 0 S is attainable in phase-shift analysis of polarized target data.
The spin mixing and the violation of the cosine conditions arise from a non-standard pure dephasing interaction of the produced final S-matrix state ρ f (S) with a quantum state ρ(E) of a quantum environment to produce the observed state ρ f (O). Our analysis determines that the number of interacting degrees of freedom of the environment is M = 4. We identify the four eigenstates |e k > that define the density matrices ρ(E) with the four neutrino mass eigenstes |m k > with |m 4 > due to light sterile neutrino. We call the mixed quantum states ρ(E) dark neutrinos and propose to identify them with particles of a ditinct component of cold dark matter. In the early Universe active neutrinos were converted in dephasing interactions into hot dark neutrinos which were redshifted by cosmic expansion to form the cold dark neutrinos of the quantum environment. Dephasing interactions with cold dark neutrinos and active neutrinos background are not rare events but they require high statistics accelerator experiments with polarized targets for their detection. Decohering amplitudes from such measurements and the neutrino mixing matrix can provide information about the quantum states ρ(E) of dark neutrinos and thus about the dark matter. The unitary evolution law assumes an empty Minkowski spacetime which means that all scattering and decay processes are isolated events in the Universe. There is no environment with which the produced states ρ f (S) could interact. However we expect the physical spacetime to be permeated by various omnipresent quantum environments, such as Dark Matter, Dark Energy, Higgs field, quantum vacuum and even spacetime fluctuations. But how do we detect such quantum environment and measure its omnipresent effects on particle scattering processes that cannot be rare?
Unitary evolution law evolves pure initial states into pure final states. In 1982 Hawking pointed out that the interaction of the scattering process with the environment of spacetime fluctuations will result in a non-unitary evolution of pure initial states into mixed final states at any energy [1, 2] . Recently we have examined the unitary evolution of pure states into pure states in πN → ππN processes [3] . We have found that such evolution requires that the relative phases between transversity amplitudes of the same naturality and transversity must be 0 or ±π in a complete disagreement with all amplitude analyses of these processes.
The contrast between the predicted unitary relative phases and the observed non-unitary phases presents evidence for the existence of a quantum environment and its interaction with particle scattering processes [3] . The interaction must be governed by a non-unitary evolution law and be consistent with the Standard Model [4] . In general, the quantun state(s) of the environment have the form where |e m >, m = 1, M form a complete set of eigenstates describing the environment. The most general completely positive non-unitary evolution law which preserves the positivity of the probabilities is given by Kraus representation [5] [6] [7] [8] [9] . To be consistent with the S-matrix dynamics it must evolve the produced final S-matrix state ρ f (S) into an observed final state ρ f (O) given by
where V ℓ are unitary Kraus oprators. The interaction must be a pure dephasing interaction that does not change the four-momenta and the identities of the final state particles. The quantum environment is assumed to interact only with superpositions of diparticle spin states produced by particle production processes, such as the superpositions of dipion spins in πN → ππN . Two-body scattering processes and free moving particles thus do not interact with the quantum environment as all Kraus operators V ℓ are reduced to identity V ℓ = I and ρ f (O) = ρ f (S).
In Ref. [4] we develop the non-unitary formalism and examine the consistency of the pure dephasing interaction with the conservation laws of the Standard Model in πN → ππN processes. In measurements with polarized targets and no measurements of recoil nucleon polarizations we work with unnatural and natural exchange transversity amplitudes U J λ,τ and N J λ,τ , respectively [3] . Here J and λ are dipion spin and helicity, and τ is the target nucleon transversity. The bilinear where exp(iα(ℓ)) is a matrix element of the unitary Kraus operator V ℓ and A(S) is the S-matrix amplitude of the same type as A(ℓ). The phases α(ℓ) are the dephasing phases that modify the phases of the S-matrix amplitudes. Decoherence free Kraus amplitudes form a special subset of Kraus amplitudes. They do not depend on the degree of freedom ℓ (are the same for all ℓ) and some of them must mix spins. The decoherence free amplitudes have a general form A(ℓ) = exp(iα)A(S) (1.6) B(ℓ) = V BB B(S) + V BC C(S) (1.7)
where the amplitudes A(ℓ) do not mix spin while the amplitudes B(ℓ) and C(ℓ) mix the S-matrix amplitudes B(S) and C(S) of the same helicity λ but different spins J B and J C such that |J B −J C | = 1. The matrix elements V BB , ... form a unitary matrix. Its elements are matrix elements of the Kraus oparator V which in the decoherence free channel does not depend on ℓ. We refer to the relation (1.7) as the spin mixing mechanism. In Ref. [4] and in this work we focus on the amplitudes of the S-, P -and D-wave subsystem that dominates the pion production in π − p → π − π + n and π + n → π + π − p below 1400 MeV. The amplitudes S τ , L τ and D 0 τ are the S-,P -and D-wave helicity λ = 0 unnatural exchange amplitudes. The amplitudes U τ and N τ are the unnatural and natural exchange P -wave amplitudes with helicity λ = 1. D-wave ampitudes D U τ and D 2U τ are unnatural exchange amplitudes with helicitites λ = 1 and λ = 2, respectively. Similarly, the amplitudes D N τ and D 2N
τ are the D-wave natural exchange ampitudes with λ = 1, 2.
The consistency of the pure dephasing interaction with the Standard Model predicts theoretically a spin mixing of two pairs of amplitudes: S τ , L τ and U τ , D U τ [4] . The first unrecognized evidence for ρ 0 (770) − f 0 (980) spin mixing in S τ , L τ amplitudes dates back to 1960's [10] [11] [12] [13] [14] [15] and was later confirmed in amplitude analyses of measurements on polarized targets of π − p → π − π + n at 17.2GeV/c [17-23, 26-29] and at 1.78 GeV/c [30] as well as of π + n → π + π − p at 5.98 and 11. 85 GeV/c [26] [27] [28] . A survey of experimenal evidence for ρ 0 (770) − f 0 (980) spin mixing from all amplitude analyses of the five measurements on polarized targets is given in Ref [32] .
Based on experimental evidence the amplitudes
form decoherence free subsystem. The spin mixing mechanism for the amplitudes S τ and L τ reads [4] L τ (ℓ) = e iφ + cos θS
where φ and θ are the spin mixing parameters and where we use the superscript 0 to label the S-matrix amplitudes. We assume the following decoherence free amplitudes do not mix spins [4] 
In general U τ and N τ and their dephasing decoherence free partners D U (ℓ) and D N (ℓ) will mix spins [4] . The remaining D-wave amplitudes are decohering amplitudes
where ℓ = 1, M and 2 ≤ M ≤ 4 [4] . In this work we present a new amplitude analysis of the CERN measurements of π − p → π − π + n on polarized target at 17.2 GeV/c for dipion masses 580 -1080 MeV and low |t| ≤ 0.20(GeV/c) 2 . The first objective of the analysis is to determine the spin mixing parameters φ, θ and the Smatrix amplitudes |S 0 τ | 2 and |L 0 τ | 2 . The second objective is to determine the moduli of the D-wave amplitudes, their phases ψ, η(ℓ) and χ(ℓ), and to determine the dimension M .
The starting point of the analysis are two groups of measured observables corresponding to target transversities τ = u (spin "up") and τ = d (spin "down"). Previous analyses established that the S-and P -wave moduli for τ = d are about three times larger than those for τ = u which allows us to neglect the D-wave contributions in the system of equations "down". In this Sand P -wave system we then use the spin mixing mechanism (SMM) to solve for the spin mixing parameters and the S-matrix amplitudes S 0 d and L 0 d . We find a single physical solution. Next we use these resuts, SMM and some "up" observables to determine the S-and P -wave observables for τ = u. The difference between the measured "up" observables and the corresponding S-and P -wave "up" observables allows us to determine the moduli and phases of the D-wave amplitudes with the use of certain enabling assumptions. We find evidence for ρ 0 (770) mixing in the amplitudes D U and D N and that M = 4.
Helicity amplitudes allow us to calculate the ππ phase-shifts δ 0 S and δ P below the KK threshold. There are two Solutions for δ 0 S . For the spin mixing helicity amplitudes both Solutions pass through 90 • near the ρ 0 (770) mass. Apart from the mass region 830-930 MeV, the Solution 1 is similar to Solution "down-flat" from the Cracow phase-shift analysis [22] while the Solution 2 is similar to their Solution "down-steep". For the S-matrix helicity amplitudes both Solutions for δ 0 S are essentially flat with no evidence of ρ 0 (770) − f 0 (980) mixing. The near equality of these two Solutions suggests that a unique Solution for the phase-shift δ 0 S consistent with S-matrix unitarity is attainable from the data on polarized targets.
The paper is organized as follows. In Section II. we define the observables measured in πN → ππN on polarized targets. In Section III. we present expressions of the observables for the S-, Pand D-wave subsystem in terms of the bilinear terms of transversity amplitudes. In Section IV. we clarify the relationship between the observed bilinear terms and the bilinear terms of Kraus amplitudes. In Section V. we present our new amplitude analysis of the S-and P -wave subsystem using the spin mixing mechanism. In Section VI. we present our amplitude analysis of the D-wave subsystem. In Section VII. we determine the helicity amplitudes and in Section VIII. we calculate the phase shifts δ 0 S and δ P and compare our Solutions to the Cracow results. In Section IX. we present a new view of dark matter. We propose that the four eigenstates |e i > that form the quantum states ρ(E) of the environment are the four mass neutrino eigenstates |m i > including light sterile neutrino |m 4 >. While active neutrinos are pure states, the states ρ(E) are mixed states which we call "dark neutrinos". We identify these dark neutrinos with particles of a distinct component of cold dark matter. Hot dark neutrinos were created in pure dephasing interactions of active neutrinos with particle scattering processes in the early Universe and were redshifted to to form cold dark neutrinos of the dark matter. The dephasing interactions involving cold dark neutrinos and active neutrinos background are not rare events but require high statistics accelerator measurements with polarized targets for their detection. Amplitude analyses that determine decohering amplitudes can provide information about the dark neutrinos state ρ(E) and thus about the dark matter. The paper closes in Section X. with a summary.
II. THE OBSERVABLES IN πN → ππN ON POLARIZED TARGET.
We consider the pion creation process πN → ππN with four-momenta p a + p b = p 1 + p 2 + p d . In the laboratory system of the reaction the +z axis has the direction opposite to the incident pion beam. The +y axis is perpendicular to the scattering plane and has direction of p a × p c where p c = p 1 + p 2 . The angular distribution of the produced dipion system is described by the direction of π − in the two-pion center-of-mass system and its solid angle Ω = θ, φ. The target polarization vector is P = (P x , P y , P z ) = (P T sin ψ, P T cos ψ, P L ) where P T and P L are transverse and logitudinal polarization components perpendicular and parallel to the z-axis, respectively, and ψ is the angle between P T and the y-axis. The invariant mass of the dipion system is m 2 = (p 1 + p 2 ) 2 .
When the polarization of the recoil nucleon is not measured the angular intensity takes the form [3, 16, 20 ]
We shall use the parametrization of the angular components I U , I C , I S , I L due to Lutz and Rybicki [16-21]
The parametrization (2.2) assumes P -parity conservation. The parameters t, p, r, q are related to the moments of angular distributions used in Ref. [31] < ReY
where E 0 = 1 and E M = 2 for M = 0. In terms of density matrix elements the parameters t, p, r.q λλ ′ , k = u, y, x, z expressed in terms of nucleon transversity amplitudes with definite t-channel naturality. The spin indices JJ ′ which always go with helicities λλ ′ have been omitted in the amplitudes. The coefficients η λ = 1 for λ = 0 and η λ = 1/ √ 2 for λ = 0. Table from Ref. [3] .
General expressions for the density matrix elements (R 0 k ) JJ ′ λλ ′ , k = u, y, x, z in terms of the unnatural and natural exchange transversity amplitudes U J λ,τ and N J λ,τ are given in the Table I .
is the target nucleon transversity. General expressions for the full set of density matrix elements (R j k ) JJ ′ λλ ′ , k = u, y, x, z including recoil nucleon polarization j = 1, 2, 3 in terms of the unnatural and natural exchange transversity amplitudes are given in Ref. [3, 16] .
The S-,P -and D-wave subsystem is described by parameters t, p, r, q for L ≤ 4 and M ≤ 4. The CERN measurements on transversely polarized target did not measure the parameters q L M . Expressions for t, p, r in terms of the transversity amplitudes of definite naturality for L ≤ 4 and M ≤ 2 corresponding to J ≤ 2 and λ ≤ 1 were given by Lutz and Rybicki in Ref. [16] . Expressions for t, p, r for L ≤ 4 and M ≤ 4 corresponding to J ≤ 2 and λ ≤ 2 were given by Sakrejda in Ref. [20] .
In this work we focus on the parameters t L M and p L M . These parameters organize themselves into two groups: t L M + p L M are expressed in terms of bilinear terms Re(A u B * u ) with transversity up, while t L M − p L M are expressed in terms of bilinear terms Re(A d B * d ) with transversity down. We define the following convenient set of observables a i,τ .i = 1, 15
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In (3.1)-(3.3) τ = u for the + sign and τ = d for the − sign. Next we express the observables a i,τ in terms of S-, P -and D-wave amplitudes defined as follows
For the purposes of our analysis we shall split the observables a i,τ into three parts
where c i,τ involve only S-and P -wave amplitudes, d i,τ involve terms with D-wave amplitudes with only helicity λ ≤ 1, and e i,τ involve terms with D-wave amplitudes with λ = 2 (rank 2 amplitudes).
The expressions for the D-wave terms d i,τ and e i,τ in terms of the transversity amplitudes are given in the Table II. The expressions for c i,τ read as follows
where the cosines of relative phases
All c i,τ = 0 for i = 7, 15. Finally we present expressions for the parameters r L M . We define new observables
where R 0 x are the density matrix elements [3, 16, 20] (R 0 x ) 
The D-wave contributions r k (D), k = 1, 3 are given by [16, 20] 
IV. OBSERVED BILINEAR TERMS AND THE KRAUS AMPLITUDES.
The expressions for the observed parameters t, p, r in terms of the transversity amplitudes presented in the previous Section were derived using a unitary evolution law (1.1). To be physically meaningfull the observed density matrix ρ f (O) must have the same bilinear structure as the final state density matrix ρ f (S) produced by the S-matrix dynamics. The observed bilinear terms are then related to the bilinear terms of Kraus amplitudes by (1.4) [4] which in turn are related towhere + stands for the recoil nucleon helicity + 1 2 . In π − p → π − π + n and π + n → π + π − p below 1400 MeV the relation (4.1) reduces to relations (1.5)-(1.7). In π − p → π 0 π 0 n and π + p → π + π + n the relation (4.1) reduces to (1.5).
For two decoherence free amplitudes A and B that mix spins the relation (1.4) reduces to
so that the observed amplitudes are equal to the spin mixing Kraus amplitudes. This expression also applies when only one of the amplitudes is mixing spins. For two decoherence free amplitudes that do not mix spins we have
where φ(α) = α + α 0 , φ(β) = β + β 0 are the full dephasing phases of A and B, and where A 0 , α 0 and B 0 , β 0 are the corresponding S-matrix amplitudes and their phases. For two decohering amplitudes A and B the relation (1.4) reads
The phases φ(α(ℓ)) and φ(β(ℓ)) are the ℓ-dependent full phases of Kraus amplitudes A(ℓ) and B(ℓ). A bilinear term of a decohering amplitude A and a decoherence free amplitude B has the form
where φ(A(ℓ)) and φ(B) are the full phases of A(ℓ) and B including the phases of the S-matrix amplitudes. Kraus amplitudes are complex valued functions that always satisfy phase relation
for any three amplitudes A, B and C. With Φ(AB * ) = φ(A) − φ(B), the equivalent condition is the cosine condition
The observed decoherence free amplitudes are complex valued functions and thus satisfy the phase and cosine conditions. The observed decohering amplitudes are no longer complex valued functions with cos Φ(A(O)B(O) * ) having a simple meaning of a correlation factor. These correlation factors violate the cosine conditions with r.h.s. of (4.7) equal to 1 + G where G is called cosine gap. Similarly, the "phases" Φ(AB * ), Φ(AC * ) and Φ(CB * ) violate the phase conditions with r.h.s. of (4.6) equal to ∆ where ∆ is called a phase gap. Kraus aplitudes must satisfy exact cosine conditions. This allows us to define Kraus amplitudes as the analytical solutions arising from imposing exact cosine condition(s) either on a suitable subset of the measured observables or on solutions for their phases arising from relations between their bilinear terms (Sections V. and VI.).
V. AMPLITUDE ANALYSIS OF THE S-AND P -WAVE SUBSYSTEM BELOW 1080 MEV.
A. The inversion of the spin mixing mechanism Expressed in terms of the spin mixing mechanism (1.8) and Kraus amplitude (1.9) the ten S-and P -wave bilinear terms of each transversity read
In the derivation of the equations (5.1)-(5.3) we have used a set of self-consistent relative phases of the S-matrix amplitudes given in the Table II . of Ref. [3] . After some algebra the equations (5.1) and (5.2) can be solved for sin θ
where the ratio
The solutions for the S-matrix moduli |S 0 τ | 2 and |L 0 τ | 2 read
Note that these solutions do not depend on the parameter φ. The solution for φ is given by 
The relations (5.6) imply the same scaling relations (5.8) also for the S-matrix amplitudes |S 0 τ | and |L 0 τ |.
B. Observed and S-matrix transversity amplitudes for transversity τ = d
We perform a new amplitude analysis of the CERN measurements of the observables
GeV/c at |t| ≤ 0.20 (GeV/c) 2 using spin mixing mechanism. In our Monte Carlo amplitude analysis each sampling of the data error volume defines two groups of parameters a k,u and a k,d , k = 1, 6. Previous amplitude analyses of this data [4, 22] established that the τ = d S-and P -wave transversity amplitudes are about three times larger than the corresponding τ = u amplitudes. This allows us to neglect the D-wave contributions to τ = d observables and to assume that the amplitudes are Kraus amplitudes.
With
we can use (3.6) to solve for the moduli
and for the cosines of the relative phases in terms of the moduli. From the cosine condition we obtain a cubic equation for |L d | 2 that has two physical solutions of the form [4]
which lead to two solutions for the moduli and two solutions for the cosines. For each solution for the moduli there are two solutions for the relative phases differing in the sign due to the ambiguity cos Φ = cos(±Φ). We work with the solutions Φ(L d S * d ) ≥ 0. The two solutions for the moduli and phases for the τ = d observed Kraus transversity amplitudes define two sets of the bilinear terms (5.1)-(5.3) for τ = d which in turn lead to two solutions for the spin mixing parameters θ and φ and S-matrix transversity amplitudes
C. Observed and S-matrix transversity amplitudes for transversity τ = u
In our previous study [32] of the effect of the D-wave amplitudes on the S-and P -wave amplitude analysis of the CERN data we assumed that D-wave amplitudes contribute only to the observables a k,τ , k = 1, 3. For small D-wave amplitudes we found only a very small effect. This result allows us to neglect D-wave amplitudes in these observables so that we shall assume a k,u = c k,u , k = 1, 3. This relation can only be approximate for a 1,u since we are going to assume that the principal effect of the D-waves involves the observables a k,u , k = 4, 6. This means we can no longer use the cosine condition involving these observables to calculate the two solutions for |L u | 2 .
Given our assumptions we still have relations for the moduli of Kraus transversity amplitudes
For |S u | 2 and |L u | 2 we use the scaling relations (5.8) . From the first equation in (5.11) we find Thus from the two solutions for |L d | 2 we obtain also two corresponding solutions for
we find the moduli of all S-matrix transversity amplitudes. From (5.2) we find the S-and P -wave interference terms c k,u , k = 4, 6. It is these terms that satisfy the cosine condition. They differ from the input observables a k,u , k = 4, 6
where the observables ∆ k,u , k = 4, 6 describe the D-wave contributions e k,u + d k,u .
D. Results for the spin mixing and S-matrix transversity ampitudes
In Section VI. we use the new observables ∆ k,u , k = 4, 6 together with the assumptions ∆ k,u = 0, k = 2, 3 and a k,u = 0 or a k,u ∼ 0 for k = 7 − 15 to perform a model dependent D-wave amplitude analysis. This analysis imposes additional constraints on the two solutions for the S-and P -wave spin mixing amplitudes. We have performed the S-and P -wave amplitude analysis with and without the D-wave analysis. The results are nearly identical. In this Paper we report the results with the D-wave analysis.
The two solutions for the observed spin mixing Kraus aplitudes |S τ | 2 and |L τ | 2 are shown in We conclude that the Solution 1 is excluded by the SMM while the Solution 2 is favoured. There is thus a single solution for the S-and P -wave Kraus amplitudes which implies that the Sand P -wave Kraus amplitudes form a decoherence free subsystem.
Recall that there is no spin mixing for θ = π/2 which implies Figure 6 shows the dependence of the relative phases Φ(L τ S * τ ) and Φ(U τ S * τ ) on the transversity τ . Recall that for τ = d these phases are calculated from the random input data on observables a k,d , k = 4, 6 while for τ = u they are calculated from the bilinear terms c k,u , k = 4, 6 predicted by the SMM. Since SMM sets 
These results demonstrate the self-consistency of our new amplitude analysis based on SMM. The observed differences between the relative phases of opposite transversity have an important physical interptretation. In the calulations of bilinear terms c k,u , k = 4, 6 we have assumed that the amplitude U u does not mix with the D-wave amplitude D U u and therefore it has the same phase 2φ like the amplitude U d . Since the amplitudeD U u is present in the data this is an approximation. This amplitude U u should be replaced by a spin mixing amplitude U ′ u with a different phase 2φ ′
where
is an effective amplitude with the same phase as U 0 u . Then for suitable ǫ the relative phases from the new bilinear terms c ′ k,u , k = 5, 6 can be equated with the relative phases from a k,d , k = 5, 6 to ensure that R d = R u in (5.4). In our analysis this condition is violated by the mixing in the amplitude U u with R d on average larger by ∼ 5% than R u . The small difference in the observed relative phases thus arises from the spin mixing in the amplitude U u which predicts ρ 0 (770) spin mixing in the amplitude D U u . This prediction is confirmed by our amplitude analysis of the D-wave subsystem ( Figure 7) .
The amplitude analysis does not make use of the paramaters r L M as an input directly. Instead it predicts the parameters r 1 1 (th), r 2 1 (th) and r 2 2 (th) assuming no D-wave contributions, and imposes a constraint 
Finally we note that our analysis assumes the positive solution for Φ(LS * ) ≥ 0. The amplitudes for the negative solution are simply complex conjugate of the amplitudes with the positive phase. The two solutions differ experimentally only in the sign of the unmeasured observables Imρ 0 z . Our analysis predicts Im(ρ 0 z ) s1 ∼ 0, Im(ρ 0 z ) 01 ∼ 0 and Im(ρ 0 z ) 1−1 = 0 rendering the two phase solutions experimentally indistinguishable.
VI. AMPLITUDE ANALYSIS OF THE D-WAVE SUBSYSTEM BELOW 1080 MEV.
A. Equations for the τ = u D-wave subsystem Identifying the observables ∆ k,u = a k,u − c k,u , k = 4, 6 with the D-wave contributions ∆ k,u = d k,u + e k,u , k = 4, 6 to a k,u , k = 4, 6 prompts us to similarly define ∆ k,u for k = 1, 3 with ∆ 2,u = ∆ 3,u = 0. Together with the observables a k,u , k = 7, 15 the observables ∆ k,u , k = 2, 6 form a system of equations that separates from the S-and P -wave subsystem. The expressions for these observables in terms of amplitudes are given in the Table II . In this Section we shall omit the subscript u for the sake of brevity of the notation.
We shall assume that the first term in ∆ 2 vanishes 2 √ 5Re(D 0 S * ) = 0. Then the dual pairs of observables (∆ 2 , a 10 ), (∆ 3 , a 12 ), (∆ 4 , a 7 ), (∆ 5 , a 11 ), (∆ 6 , a 8 ) involve bilinear terms that do not occur anywhere else and can be solved. The five groups of equations for the τ = u D-wave subsystem required for our amplitude analysisis then takes the form
The D-wave contribution ∆ 1,u to a 1,u is obviously not zero. Our analysis assumes that
This approximation is necessary in order to calculate the scaling factor K 2 in (5.12) to determine the S-and P -wave τ = u amplitudes and thus to enable to determine the D-wave amplitudes themselves. To evaluate this approximation quantitatively we calculate a posteriori ∆ 1,u for each Monte Carlo solution and determine
where DRAT is a measure of the approximation of K 2 compared to (K * ) 2 which includes the calculated D-waves
We introduced a plausible cut-off DRAT > 0.15. The average values of DRAT depend on the mass bin and range from low 0.020 to high 0.080 with most bins at ∼ 0.060. These values of DRAT demonstrate that the approximation (6.6) is a good approximation.
For the sake of completness we present the remaining three groups of equations 
. The amplitude D 0 is thus a decoherence free Kraus amplitude given by
CERN measurements below 1080 MeV at low t indicate that a 7,τ = 0. The equations (6.1) then read
Recall the spin mixing mechanism for amplitudes S and L S = e iφ − sin θS 0 + e iφ cos θL 0 (6.14) 
where V (AB) = V ℓ (AB) is a unitary dephasing matrix and where the effective amplitudes U ef f and D U,ef f have the same relative phase as the corresponding S-wave amplitudes given in the Table II of Ref. [3] . For weak ρ 0 (770) mixing we expect U ef f ∼ U 0 and δ = 2φ ′ ∼ 2φ (eq.(5.14)). The ρ 0 (770) spin mixing reveals itself as a ρ 0 (770) structure in |D U | 2 = |D U,ef f | 2 . We shall seek a decoherence free solution for D U and D N using (6.2) for ReD U S * and ReD U L * .
To render the equations (6.2) solvable we assume 2 √ 21a 11 − (2 √ 21 + 1)ReD U D 0 * = 0 and a 8 = 0. With D 0 and U known, we can calculate the term ReD 0 U * . Then the equations (6.2) read
where ∆ kM , k = 5, 6 are the known terms on the r.h.s. of equations (6.2). We assume that D U is a decoherence free Kraus amplitude D U = D U (ℓ). Then the correlation factors cos Φ(D U S * ) and cos Φ(D U L * ) are equal to the cosines of relative phases of the Kraus decoherence free ampltudes
Kraus amplitudes must satisfy cosine condition
where we have omitted the label ℓ. With (6.20) and c 4 = |L||S| cos Φ(LS * ) the cosine condition can be solved for
The physical constraints
impose correlated restrictions on ∆ 5M and ∆ 6M which define four distinct domains in the data error volume at each (m, t) bin based on their values
It thus appears that there are 4 solutions for the cosines (6.22) and (6.23). In each domain D(ij) the Kraus amplitude D U is decoherence free with two bilinear terms
Using (6.22) and (6.23) we find from (6.26)
Next we apply SMM (6.14) to ReD U (ij)S * = ∆ 5M (ij) and ReD U (ij)L * = ∆ 6M (ij) in (6.26) to determine the phases η(ij) in each domain D(ij). With the relative phases of the effective amplitudes equal to the relative phases of the S-matrix amplitudes φ(
and with definitions
the SMM for the domain D(ij) reads
Solving for X(ij) and Y (ij) and using Z(ij) = Y (ij) − X(ij) cos φ / sin φ we find
Then η(ij) = β(ij) + φ. Substituting the solutions for X(ij) and Z(ij) into the expression for |D U (ij)| 2 in (6.30) we recover (6.27) indicating the self-consistency of the calulations of the phases. S-and P -wave amplitude analyses of the CERN data below 1080 MeV at low t found |U τ | 2 ≈ |N τ | 2 . The measurements on unpolarized and polarized targets suggest a 15 = 0 which implies |D 2U | 2 = |D 2N | 2 . These facts suggest that we may assume |D U | 2 = |D N | 2 which allows us to determine the amplitude D N = e iη D N,ef f . 
The first relation must hold true for any set of probabilities p ℓℓ so it must hold true also for the cosines of relative phases of the Kraus amplitudes. Then
With ReD 0 S * = 0 and (6.33) we find from the cosine condition for Kraus amplitudes
Using the result (6.34) for cos Φ(SD 2U * ) ± in the cosine condition for the Kraus amplitudes S, L, D 2U we obtain two quadratic equations for
The solutions of (6.35) read cos Φ(LD 2U * ) bilinear terms we then apply spin mixing mechanism (6.14). First we define
where ℓ = 1, 2, 3, 4 correspond to solutions (+, 1), (+, 2), (−, 1), (−, 2), respectively. Cancelling |D 2U | = |D 2U,0 | in the SMM relations the SMM relations take the form
for the relative phases of the S-matrix amplitudes. Solving for X(ℓ) and Y (ℓ) and calculating
we find the four phases χ(ℓ) = β(ℓ) + φ. The relations (6.39) and (6.42) imply for a single Monte Carlo solution Combining the first equation in (6.4) with the first equation in (6.5) to eliminate a 10 we find
With |D 2U | 2 = |D 2N | 2 due to a 15 = 0 and assuming |D U | 2 = |D N | 2 we calculate |D 2U | 2 from the known |D 0 | 2 and |D U | 2 using 
and a single solution on the combined domain
Since there is no reason to select one of the two solutions η(+−) and η(−−) in (6.45) we select the average solution η in (6.46) as the physical solution. As a result our entire analysis is done on the combined domain D(+−) + D(−−) and it is those results that are reported in this work. In Figures 7,8,9 we present only the results for the mean values of the Monte Carlo solutions for the D-wave amplitudes. In Figure 7 we present the total contribution of the τ = u D-waves I( Figure 8 also the two phases η(+−) and η(−−). Figure 9 shows the four phases of the decohering amplitude amplitude D 2U for ℓ = 1, M . On the basis of this analysis we conclude that the number of interacting degrees of freedom of the quantum environment is M = 4.
Consider an observed bilinear term of 
VII. SPIN MIXING AND S-MATRIX HELICITY AMPLITUDES.
Helicity amplitudes A J λχ,0ν with definite t-channel naturality were defined and related to transversity amplitudes of definite t-channel naturality in Ref. [3, 16] for any dipion spin J and helicity λ. Due to the P -parity conservation only helicity nonflip and helicity flip amplitudes A J λ,0 = A J λ+,0+ and A J λ,1 = A J λ+,0− are independent. Here n = 0, 1 is nucleon helicity flip n = |χ−ν|. The helicity amplitudes A n are related to the transversity amplitudes A τ by relations [3, 16] 
It is convenient to introduce reduced transversity amplitudes
where Φ(S u ) is the arbitrary absolute phase and
is the relative phase between S-wave amplitudes of opposite transversity. The phases of A and
respectively. In terms of the reduced transversity amplitudes we can write the helicity amplitudes in the form
For the moduli we find
where X A = Re(AA * ), Y A = Im(AA * ). Note that Y S = Im(SS * ) = 0 as both S and S are real and positive. For the bilinear terms A n B * n we obtain
The phase ω can be determined analytically from the consistency condition [29]
Previous amplitude analysis of the S-and P -wave subsystem determined that cos ω = −1 [29] .
Recall that |A| = |A u | and |A| = |A d |. Then the moduli of the S-and P -wave helicity amplitudes in terms of the known transversity amplitudes read
From the nalysis with SMM we get Φ LS = Φ LS . At small t the non-flip amplitude N 0 dominates the single flip amplitude N 1 due to the a 2 exchange which allows us to set cos(
Similar relations hold true for the moduli of the S-matrix helicity amplitudes. We assume that ω 0 = Φ(S 0 d ) − Φ(S 0 u ) = ω. Taking into account the self-consistent relative phases of the S-matrix transversity amplitudes [3] 
It is instructive to calculate the bilinear terms ReL n S * n and ImL n S * n from (7.6). For spin mixing amplitudes we find
Similar relation holds for the S-matrix helicity amplitudes with Φ L 0 S 0 = 0. From these relations follow relations for the relative phases Our results for the spin mixing and S-matrix helicity amplitudes |S n | 2 , |L n | 2 and |S 0 n | 2 , |L 0 n | 2 are shown in the Figure 11 . All non-flip amplitudes are very small. The S-wave amplitudes are very dissimilar. While the spin mixing amplitude |S 1 | 2 shows a clear peak at ρ 0 (770) mass there is no such structure in the amplitude |S 0 1 | 2 . While |S 1 | 2 dips near f 0 (980) mass, there is a rapid rise in |S 0 1 | 2 above the KK threshold. The amplitudes |L 1 | 2 and |L 0 1 | 2 are both resonating similarly at ρ 0 (770). However the spin mixing dip at f 0 (980) mass seen in |L 1 | 2 is absent in the amplitude |L 0 1 | 2 . The absence of any evidence for the spin mixing in the amplitudes |S 0 1 | 2 and |L 0 1 | 2 is consistent with their interpretation as S-matrix amplitudes.
VIII. ππ PHASE-SHIFT ANALYSIS BELOW THE KK THRESHOLD.
A. Determination of the phase-shifts δ 0 S and δ P The formalism of the ππ → ππ scattering and its connections to πN → ππN processes is well known [33, 34] . High statistics CERN-Munich data on π − p → π − π + n at 17.2 GeV/c on unpolarized target [31] were analysed using several methods to determine ππ phase-shifts [35] [36] [37] [38] . ππ phase-shift analysis using CERN-Munich-Cracow data on π − p → π − π + n at 17.2 GeV/c on polarized target was reported in Ref. [22] . In these analyses model dependent methods were used to extract the single flip helicity amplitudes from the data which were then related to ππ scattering amplitudes using pion exchange dominance approximation.
In our amplitude analysis the spin mixing helicity amplitudes |S 1 | 2 and |L 1 | 2 are model independent while the S-matrix helicity amplitudes |S 0 1 | 2 and |L 0 1 | 2 are only weakly dependent on the assumption ω 0 = ω. Our aim is to determine the average phase shifts δ P and δ 0 S below KK threshold for both sets of the helicity amplitudes. In our ππ phase-shift analysis we follow closely the method of Estabrooks and Martin [37] and compare our results with their results. Since our data on |S 1 | 2 and |L 1 | 2 were obtained by a method significantly different from the one used by Estabrooks and Martin such comparison can be informative. Elementary pion exchange contribution to the single-flip helicity amplitudes S 1 and L 1 is parametrized for the spin mixing and S-matrix amplitudes by the same form
where for t-channel dipion helicity [37] 
is the overall normalization factor at a single value of the momentum transfer t = t av = 0.068 (GeV/c) 2 corresponding to the bin 0.005 < |t| < 0.20 (GeV/c) 2 , µ is the pion mass and m and q = 0.5 m 2 − 4µ 2 are the dipion mass and cms momentum, respectively. The phases Φ(
arises from the amplitude analysis of the complete pion production data on polarized target the relative phase Φ P S shall arise from the moduli of |S 1 | 2 and |L 1 | 2 . The correction factor C S is introduced in our analysis of the spin mixing amplitudes to normalize |f S | 2 to the value of |f S (EM )| 2 at m = 789 MeV from the EstabrooksMartin analysis. There is no correction in our analysis of the S-matrix amplitudes and C S = 1.0. The factor √ 3 = √ 2J + 1 for J = 1. In terms of ππ scattering amplitudes f I L with definite isospin I the amplitudes f S and f P read
Following the Estabrooks-Martin analysis we assume elastic π − π + scattering below KK threshold
We determine the normalization factor K from the condition that δ 1 P = 90 • at the peak value |L * 1 | 2 of |L 1 | 2 . Then the P -wave amplitude reads
The S-wave amplitude is given by
The equation (8.6 ) is a quadratic equation for sin 2 δ 0 S with two solutions
For the phase-shifts δ 2 S we take the values from the Table 1 of Ref. [37] . For |L 1 | 2 , |S 1 | 2 and |L 0 1 | 2 , |S 0 1 | 2 we take the average experimental values only. Our results for δ 1 P are very close to the EM results for both spin mixing and S-matrix amplitudes and are not shown. Figure 12 shows our results for the phase-shifts δ 0 S and the relative phases Φ P S for the spin mixing amplitudes compared to the results of Estabrooks-Martin (EM). Our key observation is that in both Solutions 1 and 2 the phase-shift δ 0 S passes through 90 • near ρ 0 (770) mass which reflects the ρ 0 (770) mixing in the S-wave production amplitude. Our Solution 1 (sign + in (8.7)) comes closest to the EM Solution. Above 800 MeV it rises faster than the EM solution reflecting a more spin pronounced mixing in our |S 1 | 2 compared to a broader structure of that amplitude in EM analysis. The most pronounced signature of ρ 0 (770) mixing is in the Solution 2 with its steep passage through 90 • resembling the U P Solution of the phase-shift analyses on unpolarized target. Figure 13 shows our results for the phase-shifts δ 0 S and the relative phases Φ P S for the Smatrix amplitudes compared to EM results. The two Solutions for δ 0 S are very similar and neither Solution shows evidence of ρ 0 (770) mixing. The phase-shifts are relatively small and essentially flat below KK threshold. Their approximate equality suggests a unique physical solution for the ππ scattering phase shifts consistent with unitarity is attainable from the data on polarized target. In contrast, the spin mixing amplitudes yield two distinct resonating solutions for δ 0 S that must violate unitarity [39] which reveals that these helicity amplitudes are not S-matrix amplitudes. Our results meet expectations that there can be no spin mixing in the S-matrix theory and confirm that the observed spin mixing must arise from a new non-unitary interaction of the produced S-matrix final state in π − p → π − π + n with a quantum environment.
B. A comparison with the Cracow phase-shift analysis
In 1997 Kamiński, Leśniak and Rybicki published the first phase-shift analysis using their new amplitude analysis of the CERN data on polarized target [22] . In Section VI of Ref. [32] we present a survey of S-wave moduli and intensities of all amplitude analyses of the five measurements on polarized targets. In that survey the Figure 11 shows that their two solutions for the moduli of the transversity amplitudes |S u | 2 and |S d | 2 are very close to our recent results [29] presented in Figure 12 with |S d | 2 showing evidence of spin mixing in both analyses. However we differ in the relative phases Φ(
Using a Monte Carlo method we found that these relative phases shown in Figure 17 of Ref. [32] do not change signs. Using a χ 2 fitting method Kamiski et al. found zeros in both relative phases in both solutions near 700 − 800 MeV. This enables them to claim a change of signs of these phases shown in Figure 16 of Ref. [32] that closely resembles that of the relative phase Φ P S from ππ phase shift analyses on unpolarized targets. While in our phase-shift analysis these phases do not play a direct role they are important in their phase-shift analysis.
In terms of our notation they assume where N S and N P are normalization factors, a 1 , a 2 are complex kinematical constants, f is a correction factor, A BW (ρ 0 ) is a Breit-Wigner amplitude at ρ 0 (770) and φ(ρ 0 ) is the its phase. The constants satisfy |a 1 | 2 + |a 2 | 2 = 1 so that
This compares with our
They assume that the absolute phases of the transversity amplitudes are given by
where ∆ is a correction factor. Then |f S | 2 will depend on the relative phase
In Ref.
[29] we have shown that ω can be determined analytically from a self-consistency condition of the bilinear terms of transversity amplitudes. The only solution consistent with resonant |L 1 | 2 and pion exchange dominance of |S 1 | 2 requires cos ω = −1, or ω = ±π. Apart from the zero structure of the phases Φ(S d L * d ) and Φ(S u L * u ) near 800 MeV the two amplitude analyses are very similar. The main difference then are the equations (8.10) and (8.13) which define the amplitude f S differently from our definition. Apart from C S there are no other adjustable parameters in our definition of f S while the Cracow definition (8.9) involves in addition to f the adjustable parameters a 1 , a 2 and ∆.
There are four solutions for δ 0 S in the Cracow analysis called "down-flat"(DF), "up-flat"(UF), "down-steep"(DS) and "up-steep"(US). The Solution "down-flat" δ 0 S (DF ) fits best the CERNMunich phase shift δ 0 S (CM ) from the analyses on unpolarized target [31] . The Cracow phase-shift analysis is to be compared with our phase-shift analysis of the spin mixing helicity amplitudes shown in Figure 12 since the two analyses involve the same transversity amplitudes. Our Solution 1 δ 0 S (1) is similar to the Solution "down-flat" bellow 830 MeV. For masses 830 -930 MeV it is 20 • − 10 • higher than the Solution "down-flat" but well bellow the Solution "up-flat" so that in this mass interval
Above 930 MeV the Solution 1 and the Solution "down-flat" are again similar. The Solution 2 δ 0 S (2) is very similar to the nearly equal Solutions "down-steep" and "up-steep". We conclude that the two phase-shift analyses of polarized target data are mutually consistent with the principal difference occuring in our Solution 1 in the mass interval 830 -930 MeV.
IX. QUANTUM ENVIRONMENT: A NEW VIEW OF DARK MATTER.

A. Dark neutrino hypothesis
The question arises -what is the nature of the quantum environment? The consistency of the pure dephasing interaction with the Standard Model [4] suggests that it is a universal environment in the entire Universe which may manifest itself in some astrophysical observations. Astrophysical observations provide a convincing evidence for the existence of dark matter and dark energy which are omnipresent environments in the Universe. Dark matter is characterized by non-standard interactions with baryonic matter. Quantum environment can be viewed as a sea of quantum states ρ(E) across the Universe defined by (1.2). The four orthonormal eigenstates |e i >, i = 1, 4 in (1.2) do not participate in any of the fundamental interactions of the Standard Model. They participate only in the non-standard pure dephasing interactions with quantum states ρ f (S) produced in particle scattering. In this aspect there is an obvious similarity between the dark matter and the quantum environment.
In priciple the eigenstates |e k > could represent some new interacting degrees characterising the dark matter and its non-standard interactions with baryonic matter. But particle physics already knows of physical eigenstates with non-standard interactions: neutrino mass eigenstates. Similarly to the eigenstates |e k >, the four neutrino mass eigenstates |m i >, i = 1, 4 do not participate in any of the fundamental interactions of the Standard Model (neutrino magnetic moment involves nonstandard electromagnetic interaction [40, 41] ). Here we anticipate the fourth light sterile neutrino ν s based on the shared dimension M = 4. This analogy leads us to identify the eigenstates |e i > with the neutrino mass eigenstates |m i >. Flavour neutrinos are pure states
with fixed matrix elements given by the mixing matrix p ij (α) = U αi U * αj . The quantum states ρ(E) are mixed states
with variable p ij (E). The Poincare invariance of the elements p ij (α) and p ij (E) strengthens the analogy between ρ(ν α ) and ρ(E). We shall call the mixed states ρ(E) "dark neutrinos". All neutrino states engage in pure dephasing interactions and form the quantum environment. Quantum environment thus consists of neutrino environment and dark neutrino environment. All neutrino states have a mass
whereM is the mass operator and they all engage in gravitational interactions. It is our conjecture that the mixed dark neutrino states ρ(E) form a distinct component of the cold dark matter. In that case dark neutrinos are expected to be mostly non-relativistic cold particles. This suggests that hot dark neutrinos have been created in the early Universe and were redshifted to form the cold dark neutrinos environment at a later stage of the evolution. Hot dark neutrinos were still a part of dark matter at the times of galactic and large scale structure formation when most dark matter was cold or warm.
The interpretation of the quantum states ρ(E) as dark neutrinos rests on the evidence for the light sterile neutrino. Unlike the dark neutrinos, the light sterile neutrinos ν s mix with the active flavour neutrinos ν e , ν µ and ν τ . The existence of the light sterile neutrino mixing with the active neutrinos was proposed [42] to explain the observed anomalies in short-baseline neutrino oscillation experiments, namely the anomalous appearance of ν e in ν µ → ν e oscillations in accelerator experiments [43] [44] [45] as due to ν µ → ν s → ν e and the anomalous disappearance ofν e and ν e in Gallium [46, 47] , reactor [47, 48] and accelerator [49] measurements as due to ν e → ν s . The data require that the fourth mass eigenstate |m 4 > carries the heaviest mass m 4 ≈ 1eV [49] [50] [51] [52] [53] . The confirmation of the so far tentative evidence for the existence of light sterile neutrino awaits a new generation of high precision accelerator, reactor and other short-baseline oscillations experiments [51, [54] [55] [56] [57] [58] [59] [60] and in experiments using dark matter detectors [61] .
Independent evidence for light sterile neutrino comes also from cosmology. Planck satellite has exposed a tension between several early and late time observables in the minimal inflationary ΛCDM Model. In particular the Planck measurement [62] of the Hubble parameter H 0 is in tension with local measurements by Hubble Space Telescope (HST) [63, 64] . All these tensions can be resolved by adding a single light sterile neutrino to the standard ΛCDM model [65] [66] [67] [68] [69] [70] .
B. Conversion of flavour neutrinos into dark neutrinos in pure dephasing interactions
Propagation of free neutrinos is a unitary evolution. All unitary evolutions evolve pure states into pure states and mixed states into mixed states. As a result there is no conversion of active neutrinos into the dark neutrinos, and vice versa, during the propagation of active neutrinos and dark neutrinos. Oscillations of active neutrinos are unitary transformations of the initial pure production state. To explain why dark neutrinos are "cold" particles we first show that in dephasing interactions flavour neutrino states are converted into dark matter states.
Consider a scattering process with the S-matrix final state
where |α >, |β > are final state vectors that include dipion or diparticle angular states |Jλ >, |m >, |n > are initial state vectors, ρ(S i ) mn is the initial state density matrix and S α,m are Smatrix amplitudes. A single event of this scattering interacts with a single quantum state of the environment ρ i (E) given by (9.2). The interaction is unitary [4] given by
The joint density matrix has an explicit form
To be in accord with the form (1.3) of the Kraus representation for
With this constraint and taking a trace over the system S we get the final state of the environment ρ f (E)
Due to the unitarity of Kraus operators the parameters a ii (S) = 1. The diagonal terms p ii (E) are thus equal to the diagonal terms of the flavour neutrino state p ii (α) = |U αi | 2 and define the probabilities in the definition of bilinear terms of decohering amplitudes (4.4) and (4.5). It follows from (9.3) that dark neutrinos have the same mass m α as the initial neutrino ν α in the dephasing interaction.
The terms a ij (S) depend on the scattering process and modify the elements p ij (E i ) of the initial state. In general, any pure initial state ρ i (E) will be converted into a mixed final state ρ f (E). Specifically, in dephasing interactions active neutrinos with p ij (α) = U αi U * αj will be converted into mixed states of dark neutrinos. Because dephasing interactions do not change the four-momenta of the particles [4] , the produced dark neutrinos will carry the momentum p of the mass eigenstates of the initial active neutrinos. However note that since the momentum of the mass eigenstates |m k > is not an interacting degree of the environment the matrix elements of the Kraus operator V k and the parameters a ij do not depend on the momentum. The only change that takes place is the exchange of quantum information entropy between the states ρ f (S) and ρ i (E). For pure initial states the von Neumann entropy S(ρ i (E)) = 0 while for the final mixed states S(ρ f (E)) > 0.
C. Genesis of hot dark matter
Pure neutrinos ν e , ν µ , ν τ were created copiously in weak interactions of quarks, leptons and hadrons in the early stages of the Universe. Their oscillations would produce sterile neutrinos ν s . In dephasing interactions with a variety of particle scattering processes these pure neutrinos would be converted into the particles of hot dark neutrinos. Such dephasing processes would be essetially a continous generation of the dark matter for a period of time.
We consider quark-gluon plasma following the the electro-weak symmetry breaking at the energy scale E ≈ 1 TeV corresponding to radiation temperature T ≈ 10 16 K. In addition to quarks and gluons the plasma includes photons, leptons and active neutrinos. We shall focus first on four cosmological processes in this quark-gluon plasma
Just like πN → ππN processes at low momentum transfers are produced largely by a pion exchange in the t-channel, so the processes (9.9) and (9.10) are produced by the virtual γ exchange in the t-channel at low t. The produced pions dissolve quickly in the plasma up to the hadronization energy scale Λ QCD ≈ 200 MeV corresponding to the temperature T c ≈ 10 12.375 K [71] [72] [73] . Since hadron resonances have a very short life-time they decay rather than dissolve. At high energies the processes (9.9) and (9.10) have negligible cross-sections. We are interested in resonant production of the dipions at lower energies where the cross-sections are higher for dipion masses below 2000MeV.
Since the leptons and quarks are thermalized we take their energy E b = m b +kT and the photon energy E γ = kT . The conservation of energy in (9.9) and (9.10) reads
where p = | p| is the centre-of-mass momentum and the dipion mass W 2 = (p 1 + p 2 ) 2 where p 1 and p 2 are the four-momenta of the two pions. The maximum value of the dipion mass W at a given energy kT occurs for p = 0 which gives W = 2kT . The resonances that couple to both γγ and ππ are f 0 (500), f 0 (980) and f 0 (1370) in the S-wave and f 2 (1270), f ′ 2 (1525) and f 2 (1950) in the D-wave. The strongest coupled resonance in the reactions (9.9) and (9.10) is f 2 (1270). To reach the f 0 (980) and f 2 (1270) the minimum temperature must be 10 12.925 K (kT = 1, 450 MeV). To reach all three D-wave resonances the minimum temperature must be 10 13.125 K (kT = 2, 298 MeV).
The processes (9.11) and (9.12) are interactions similar to (9.9) and (9.10), respectively. They proceed by virtual photon exchange in the direct s-channel. In all four production processes the dipions are produced by virtual process γγ(q 2 ) → ππ where q 2 is the four-momentum squared of the virtual photon. The process (9.11) is experimentally accessible and yields information on the differential cross-sections and total cross-section of γγ(q 2 ) → ππ. Recently Belle Collaboration published high statistics measuremets of γγ(q 2 ) → π + π − [74, 75] and γγ(q 2 ) → π 0 π 0 [76, 77] for dipion masses W = 0.8 − 1.5 GeV and W = 0.6 − 4.1 GeV, respectively, extending previous lower statistics measurements [78] [79] [80] . Both reactions are dominated by f 2 (1270) resonance. The dipion mass W = 4.1 GeV in the reaction (9.9) corresponds to the temperature T = 10 13.377 K well above the hadronization temperature T c . In addition to the dipion states heavier dimeson states M + M − , M 0M 0 and dibaryon states BB will be produced in the reactions (9.9)-(9.12) in the early Universe at T > T c . Belle Collaboration recently published results for two-photon scattering at energies 2.4-4.1 GeV into [76, 84] and pp [85] . The colliding beams at Belle are unpolarized and thus do not allow amplitude analysis to observe spin mixing expected in the partial wave production amplitudes.
The differences between the unitary relative phases and the measured relative phases in π − p → π − π + n, π + n → π + π − p and π − p → π 0 π 0 n indicated a pure dephasing final state interaction. These processes will convert flavour neutrinos into dark neutrinos but are prevented from doing so at and below the Λ QCD hadronization scale by the low energy kT . The spin formalism describing the S-matrix production of the final states ρ f (S) in the processes (9.9)-(9.12) is somewhat similar to that in πN → ππN [3] . While this formalism for the final state ρ f (S) is still to be developed the existence of the dephasing interactions of ρ f (S) is no longer contingent on the predictions, if any, of the unitary evolution law for these processes. Existence of such interactions has been established by the measurements of πN → ππN processes. We can surmiss that the processes (9.9)-(9.12) will also convert flavour neutrinos into the dark neutrinos, producing hot dark matter.
D. Hot dark neutrinos and the formation of structure
Due to the expansion of the space these hot dark neutrinos would be redshifted to become a late component of cold dark matter which we also call the dark neutrino quantum environment. At the onset of galactic and large scale structure formation when the temperature of the Universe was about 1 keV dark neutrinos were still hot and the existence of cold or warm dark matter is required for the formation and stability of the structures. However hot dark neutrinos still may have played an observable role in the evolution of the galactic and large scale structure of the Universe. This is because even hot dark neutrinos can behave effectively like a cold dark matter.
The production of dark neutrinos is associated with the production of the quantum information entropy they carry. Dark neutrino subsystem must satisfy the first law of thermodynamics dU = −pdV + T dS + µdN where S is the produced quantum information entropy. Dark neutrinos do not interact with the particles of the Standard Model nor with the other dark matter particles, and their dephasing interactions do not change their four-momentum. The dark neutrinos are thus completely colissionless and cannot produce a non-zero pressure so p = 0 and dU = T dS + µdN . The growth of the energy density ρ dn of dark neutrinos is then sourced by the rate of growth of the entropy S and particle number N dρ dn dt + 3Hρ dn = T dS dt + µ dN dt (9.14)
Well at galaxy formation temperatures ≈ 1 keV there are no dephasing interactions producing or involving dark neutrinos and dS/dt = dN/dt = 0. Thus at the times of structure formation the energy density ρ dn of the dark neutrino component of the dark matter is given by the cold matter evolution equation
This means that hot and warm dark neutrinos are consistent with ΛCDM Model as a component of cold dark matter. Fluctuations of the energy density δρ dn could have contributed to the structure formation and evolution. The observable properties of this structure are connected in part to the quantum information carried by dark neutrinos. The idea that hot neutrino dark matter may behave as a cold dark matter was first proposed by Sigurdson in 2009 using a different mechanism [86] E. Possible test of the dark neutrino hypothesis
We identify the mixed neutrino states with particles of dark matter. In principle this hypothesis can be tested experimentally in dephasing interactions of pure neutrino states ρ(E i ) = ρ(ν α ) with scattering processes πN → ππN . In π − p → π − π + n the parameters a ij (S) in (9. In (9.16) and (9.18) we have used a momentum projection of ρ f (S) given by (4.7) and constraints on matrix elements of Kraus operators given by (6.20) in Ref. [4] . In (9.16) we used the orthogonality of matrix elements < Jλ, χ|V ℓ |Kλ, χ > with non-zero elements for K = J −1, J, J +1. We assume that all amplitudes with λ ≤ 1 are decoherence free and that all amplitudes with J, λ ≥ 2 are decohering. χ is the recoil nucleon helicity. Due to the invariance of the trace of the density matrix T rρ f (S) = 1 under unitary transformations the expression (9.16) is equivalent to (9.17). The diagonal elements a ii (S) = 1 in (9.17) and (9.18). We see from (9.17) and (9.18) that the modifications of the initial non-diagonal elements p ij (E i ) are entirely due to the decohering amplitudes. For the pure state of neutrino ν α the initial elements are p ij (E i ) = p ij (α) = U αi U * αj . The rates of dark matter generation in active neutrino interactions with πN → ππN final states will be largest in the resonant dipion mass regions. The production of dipion events is largest at low momentum transfers |t| ≤ 0.20 (GeV/c) 2 . However the decohering amplitudes D 2U , D 2N in π − p → π − π + n are larger only at higher t and at higher dipion masses, which requires higher beam energy. Consider a pure hydrogen target exposed to a high intensity π − pion beam at energy optimized for maximum rate of event production in π − p → π − π + n and π − p → π 0 π 0 n at ρ 0 (770) and at f 2 (1270) masses in a broad momentum transfer range. The target is exposed also to a stable high intensity ν e neutrino beam. The neutrino flux through the target area is neasured over a period of time with the pion beam "on" and "off". When the pion beam is "off" there are no π − p → π − π + n and π − p → π 0 π 0 n events to interact with the incident neutrinos. When the pion beam is "on" some of the π − p → π − π + n and π − p → π 0 π 0 n events will interact with the pure neutrinos from the neutrino beam. These neutrinos become unmeasurable mixed states leading to a measurable drop in the neutrino flux akin to the disappearance anomaly. The experiment can prove the dephasing interaction of the flavour neutrinos and their conversion into the mixed neutrino states. The experiment is obviously technically difficult. However such experiments could advance laboratory evidence for particle structure of dark matter.
X. CONCLUSIONS AND OUTLOOK.
We have presented the first amplitude onalysis of π − p → π − π + n production on polarized target using spin mixing mechanism to investigate spin mixing in decoherence free amplitudes and dephasing in decohering amplitudes. We find a unique solution for the S-and P -wave spin mixing and S-matrix amplitudes and for the spin mixing parameters in ρ 0 (770) − f 0 (980) mixing. Our method extracts D-wave observables from the CERN data which allows a model dependent determination of the D-wave amplitudes. We find a clear ρ 0 (770) signal in the amplitudes |D U | 2 and |D N | 2 but cannot determine its spin mixing parameters. Decohering amplitudes do not mix spin and possess M distict phases where 2 ≤ M ≤ 4. Our analysis of decohering amplitude D 2U determines that M = 4. We can assume that all amplitudes with J ≥ 2 and λ ≥ 2 are decohering.
We have used the spin mixing transversity amplitudes S τ and L τ to determine the spin mixing helicity amplitudes S n and L n . Similarly, we have used the S-matrix transversity amplitudes S 0 τ and L 0 τ to determine the S-matrix helicity amplitudes S 0 n and L 0 n . Using these helicity amplitudes we then determine the phase-shifts δ P and δ 0 S for the spin mixing and for the S-matrix amplitudes below the KK threshold. The two Solutions for δ 0 S for the spin mixing amplitudes pass through 90 • which reflects the presence of ρ 0 (770) in the S-wave amplitudes. Apart from the Solution 1 in the mass region 830-930 MeV, these two Solutions are similar to the Cracow Solutions "down-flat" and "down-steep", respectively. In contrast, the two Solutions for the S-matrix amplitudes are essentially flat and show no sign of ρ 0 (770) − f 0 (980) mixing. Their near equality suggests that a unique solution for the phase-shift δ 0 S consistent with the S-matrix unitarity is attainable from amplitude analyses of data on polarized targets.
We present a physically motivated model of the quantum states ρ(E) as mixed states of neutrino mass eigenstates. We identify these cold dark neutrinos with particles of a distinct component of cold dark matter we call the dark neutrino quantum environment. Hot dark neutrinos were created in continous dephasing interactions of active neutrinos with a variety of particle scattering processes for a period of time in the early Universe. Cooled by the expansion of the space this hot dark matter has evolved into a late component of cold dark matter. A careful analysis of the formation of galactic and large scale structures in the Universe indicates that most dark matter should be cold or warm at the onset of the galaxy formation when the temperature of the Universe was about 1 keV. At these temperatures dark neutrinos still formed a hot dark matter and thus can account only for a part of the dark matter.
A possible candidate for warm dark matter is the sterile neutrino with mass 7.1 keV [87, 88] with a two-photon X-ray radiative decay at 3.55 keV [89, 90] . An emission line at 3.55-3.57 keV was recently detected in X-ray spectrum of galaxy clusters in two independent observations [91, 92] . These results suggest a multicomponent structure of the dark matter with dark neutrinos one such component. At galaxy formation temperatures ≈ 1 keV energy density ρ dn of hot dark neutrinos is govern by the evolution equation for the cold dark matter. This hot dark matter is then consistent with ΛCDM Model. Fluctuations of the energy density δρ dn may have contributed to the formation and evolution of galactic and large scale structures.
In priciple the model is experimentally testable. If confirmed the experimental information on decohering amplitudes would determine the parameters a ij (S) in (9.17) and (9.18). Together with the neutrino mixing matrix U αi the momentum independent parameters a ij (S) would fully determine the quantum state ρ f (E) of the dark matter particles produced in dephasing interactions of active neutrinos with πN → ππN processes. Thus neutrino oscillation experiments and pion production experiments alone could render a certain class of dark neutrino particles experimentally observable even though their momentum is not observable. However apart from the case of the amplitudes D 2U u and D 2N u discussed in the Section VI.D together with the approximation D 2U d = D 2N d = 0 it may be difficult to determine the decohering amplitudes experimentally in πN → ππN processes.
The pure dephasing interactions involve only the exchange of quantum information entropy between the two states ρ f (S) and ρ i (E). As such they stand outside of the Standard Model. In π − p → π − π + n this exchange is associated with Lorentz symmetry violating spin mixing [4] in the amplitudes (S τ , L τ ), (U τ , D U τ ) and (N τ , D N τ ). The spontaneous violation of the rotational/Lorentz symmetry by the dark neutrinos as well as by the active neutrinos is entirely new physical phenomenon.
The spin formalism developed in Ref. [3] and in this work applies equally well to a number of other meson production processes such as KN → KπN , πN → πKΛ, KN → ππΛ and others. These processes could be measured on polarized target and the measurements with Λ would also allow measurements of recoil Λ polarization by its weak decays. Modern polarized targets reach high values of polarization and enable to select an arbitrary direction of the polarization vector [93] . The non-standard interactions of particle scattering processes with the quantum environment of cold dark neutrinos and active neutrinos background are not rare events although they require high statistics experiments with polarized targets to detect their signatures: spin mixing and the violation of cosine conditions. Amplitude analyses that determine decohering amplitudes can provide information about the dark neutrinos states ρ(E) and thus about the dark matter. The presented amplitude analysis illustrates this new kind of search for dark matter.
